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ABSTRACT
Presented herein is an analysis of the free vibrations of
simply-supported and clamped, web-stiffened, circular, cylindrical
sandwich shells. The mathematical model formulated includes the ef-
fect of translatory and rotatory inertia in each layer of the sand-
with, and treats the two face layers as thin shells in which the
classical (Donnell) theory of shells applies. Shear deformations,
however, are permitted in the core, which is treated as a layer of
inhomogeneous, orthotropic material. In the analysis, the discrete
nature of the webs is maintained, except for the inclusion of an av-
erage secondary shear modulus induced by the bending of the webs and
faces. Equations are also developel for the free vibrations of the
corresponding homogeneously cored sandwich shells, in order to inves-
tigate the effect of smearing-out or averaging a given web-stiffened
core.
A Galerkin procedure is employed to determine the natural
frequencies from a variational functional generated by means of Hamil-
ton's principle.
LIST OF SYMBOLS
Ate , " ,T 	 constants appearing in the approximate
displacement functions used in the
Amn'	 'Tmn	
analysis of the free vibrations of
sandwich shells
a half the distance between the median sur-
faces of the faces of a sandwich shell or
beam (=h2 + h 1 /2)
b	 width of web
C i (n,j), E i (n,j)	 mode shape integrals
d	 width of beam
E f , vf , G f , p f modulus of elasticity, Poisson's ratio,
shear modulus, and mass density of face
material, respectively
Ew, vw, Gw, p 	 modulus of elasticity, Poisson's ratio,
shear modulus, and mass density of web
material, respectively
E (x)	 circumferential modulus of elasticity of
Y2	 core
G	 (x)	 circumferential shear modulus of core in
y 	 radial direction
H	 half-thickness of a homogeneous shell
having density p f and the same axial
length, mean radius, and weight as a
given web-stiffened sandwich shell
{=h2 [2(h I /2h2 ) + Mw(pw/pf)(b/L)))
.. n
dI,
h l , h2	thickness of face and half-thickness of core,
respectively
K 	 extensional rigidity of a face layer
L = E fh l /(1 - vf2))
k l , kl	dimensionless instants involving geometrical
and physical parameters
L	 axial length
Lo	circumferential length of median surface of
sandwich shell ( = 2nR)
m	 circumferential mode number
N 	 number of webs
N, M	 integers indicating the number of terms in-
cluded in the approximate displacement func-
tions
Nx 
i	 ^
, Nx. 
i , 
Mx 
i , 
Mx 
yi	
stress resultants in faces (i = 1,3)
I
Qx	 transverse shear stress resultant in core
2
R I , R, R3	 mean radii of outer face, core, and inner
face, respectively
RI , R3	dimensionless mean radii of outer and inner
faces, respectively (= R I /R, R3/R)
r l , y i	polar radial and local circumferential co-
ordinates of point in the i th layer of a
sandwich shell, respectively (i = 1,2,3)
s	 spacing of webs
t	 time
Li l y T i
	strain and kinetic energies of the ith
layer, respectively (i = 1,2,3)
I	 1
U, v, w	 axial, circumferential, and inward radial
displacements, respectively, of a point on
the median surface of a sandwich shell
ur v i , w l	axial, circumferential, and inward radial
displacements, respectively, of a point
in the i th layer of a sandwich shell
(i = 1)2,3)
[X] column vector whose elements are the unde-
termined constants in a set of approximate
displacement functions
Xn , Y 	 mode shapes of the free vibrations of a
homogeneous beam, X  being symmetric with
respect to the midpoint of the beam, and
y  antisymmetric
x,y	 axial and circumferential coordinates un
median surface of sandwich shell, respec-
tively (Fig. 1)
z
	
inward radial coordinate, originating at
median surface of sandwich shell (Fig. 1)
z i
 inward radial coordinate measured from the
median surface of the i th layer of a sand-
wich shell (i = 1120)
at i , O i	axial coordinates of the left- and right-
hand faces of the i th web, respectively
(I = 1,2,... )
 Nw)
yxYi , yYz i' 17X
	
shearing strains in the i th layer (i = 1,2,3)
.
1
8 1
, 82 , 8 3	dimensionless coefficients
e
.
) e	 axial and circumferential normal strains,
x i	 Y i	 respectively, in the i th layer (i = 1,2,3)
11n , Cn	 constants appearing in the symmetric and anti-
symmetric mode shapes of the free vibrations
of a homogeneous beam, respectively
I
hn, 
an	
parameters related to the natural frequen-
cies of the symmetric and antisymmetric
mudes of a homogeneous beam, respectively
An, 
an	
dimensionless parameters related to the
natural frequencies of the symmetric and
antisymmetric modes of a homogeneous beam,
respectively (= An L/2Tr, an L/2Tr)
Ike	 average second-order shear modulus of core
 layer
g	 dimensionless axial coordi,oate (= x/L)
P2 (x )	 mass density of core layer
a. a	
axial and circumferential normal stresses
x i	 y i	 in the i th layer, respectively (i = 1,2,3)
Txyi , T z , TZx	 shear stresses in the i th layer (i = 1,2,3)
y r
	 r
epx , rpy	changes in slope of a normal to the median
surface of a sandwich shell in the axial
and circumferential directions, respectively
iZ	 dimensionless frequency parameter
[= (8pfw2H2/w2Ef)1/21
W	 natural frequency (rad./sec.)
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I. INTRODUCTIM
Theoretical and experimental investigations performed at
1.
the Naval Ship Research and Development Center (Refs. 1 and 2) have
indicated that, in certain ranges of geometry, circular, cylindrical,
web-stiffened sandwich shells possess strength-to-weight ratios of
about twenty percent higher than conventional ring-stiffened con-
figurations. Such sandwich hulls (Fig. )) consist of two concentric
circular cylindrical shells or faces which are reinforced and sepa-
rated by a core comprised of a series of circular annuli or web
stiffeners. This structural or "hard" core is both load sustaining
and load transmitting, differentiating it from the load-transmitting
or 01soft" cores used in aerospace applications.
i
	
	
In Ref. 3, the present authors presented a means of -epre-
senting the physical properties of and stress-strain laws for web-
stiffened sandwich shells. The normal representation developed
there applied the classical (Donnell) theory of shells to the faces,
but permitted shear deformations in the core. Except for the inclu-
sion of an average secondary shear modulus, the structural core was
treated as a thick layer of inhomogeneous, orthotropic material
made up of a series of webs considered as discrete elements. In
Ref. 4, the authors adopted the forms for the physical properties
and stress-strain laws given in Ref. 3, reduced them to their one-
dimensional counterparts, and used the results in the study of the
free vibrations of web-stiffened sandwich beams with free ends.
a
2.
The theoretical and numerical procedures developed in Ref. 4 are
applied in the present investigation in conjunction with the forms
for the physical properties and stress-strain laws presented in
Ref- 3.
The literature contains numerous vibration studies of
circular, cylindrical sandwich shells of the aerospace or "soft--
core" type, such as those given by Yu and by Chu in Refs. 5 and 6	 s
for shells of infinite length (or simply-supported shells), but
the analysis of the free vibrations of circular, cylindrical sand-
wich shells of finite length of the hydrospace or "hard-core" type,
in which the stiffeners are treated as discrete elements, is rela-
tively new. Following Ref. 7, the present investigai; •,i employs a
Galerkin procedure to determine the natural frequencies of simply-
I	 supported and clamped circular, cyiindrical sandwich shells for
the cases of web-stiffened and homogeneous cores, the latter case
representi n g an average of all stiffener effects over the axial
length of the structure. Approximate displacement functions
satisfying the various boundary conditions and containing unde-
termined constants are formed by using the mode shapes of the free
vibrations of homogeneous beams. Hamilton's principle is used to
generate a set of linear, homogeneous algebraic equations in the
undetermined coefficients appearing in the approximate displace-
ment functions. These equations, of course, pose an eigenvalue
i3•
problem that leads to the determination of the natural frequencies.
The present analysis, however, improves on the procedure outlined
in Ref. 7 by satisfying the clamped end conditions exactly without
introducing the additional restriction that the circumferential
shear stress resultant vanish along with the circumferential dis-
I	
placement.
2. BASIC EQUATIONS
Consider the circular, cylindrical, web-stiffened sand-
wich shell pictured in Fig. I. Both thin facings have the same
uniform thickness and are composed of the same linearly elastic,
homogeneous, isotropic material having modulus of elasticity Ef,
Poisson's ratio vf, shear modulus G f [= Ef/2 0 + vf )], and uniform
mass density p f . The respective counterparts carrying the sub-
script w describe the material properties of the webs.
Introduce the coordinate system x, y, z on the median
surface of the sandwich shell, as shown in Fig. 1, where x is the
axial coordinate measured from the midpoint of the shell, y the
circumferential coordinate, and z the inward radial coordinate.
Next, let the outer facing, the core, and the inner facing be
identified by the subscripts 1, 2, 3, respectively. Bear in mind
that each numerical subscript refers to one of the three layers
as a whole, and not to the materials from which the layers are
constructed. Further, let h l , 2h., and h3 = h l represent the
uniform thicknesses of the outer facing, the core layer, and the
inner facing, respectively. Choose R l , R2 = R, and R3 as the
mean radii of the outer facing, the core layer, and the inner
facing, respectively. Let the N  web stiffeners in a given con-
figuration have uniform width b and equal spacing s. In addition,
select L as the axial length of the sandwich shell, and let L o = 2TrR
be its mean circumferential length. Finally, denote time by the
symbol t.
4.
i
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As shown in Ref. 3, the stress-strain laws applicable to
the present problem are
6 = Ef (e + v c )
	 ,	 Q =	
Ef (e
	 + v e )
x i	 1evf2	 x i	f y i	 yi	 1-vf2	yi	 f xi
Ef
	
rxy i = 2(1 + vf) yxyi	 ( i = 1,3) ,
Q = 0	 ,	 Q = E e
	 ,	 T	 = 0
x2	 y2	 y2 y2	 xy2
Tyz2 = Gyz2yyz2 	Tzx2 = wcyzx2	 ,
where 6x , e , and Tx. , respectively, are the axial normal, cir°
i	 y i	 'i
cumferential normal, and in-plane shear stresses in the i th layer
and ex 1 ,
 ey', and yxy' are the corresponding strains. The symbols
Ey2 , Gyz2 , and N,c , respectively, represent the circumferential modu-
lus of elasticity, circumferential shear modulus in the radial di-
rection, and average second-order shear modulus of the core.
In addition to Egs.(2.1), the forms developed in Ref. 3
for the moduli Ey2 (x) , Gyz2 (x) , the mass density of the core p2(x),
and the secondary shear modulus µ c are also deopted for use in the
present analysis. The first three quantities are defined by the
step-type distribution pictured in Fig. 2, while the second-order
modulus is given by
µc = Ef{ (t) (L)2(
	
Le	 + (s/L) (3/L) J}°1
(Ew/E f)(b/L)
3	 (hI/L) '	 (2.2)
Pi = p f	 (i = 1,3) (2.4)
6.
in which
s= (L-b)/(Nw - 1) and a=h2 +h l /2	 (2.3)
Here, a is half the distance between the median surfaces of the
faces. Of course, the mass densities of the outer and inner faces
are, respectively,
To permit the free development of the thickness-shear
deformations in the core, the axial, circumferential, and radial
displacements, respectively, are assumed in the form
u I (x ,Y, z , t ) = u - h2cpx - (z + h2)a
u2 (x , Y ) z , t ) = u + z9x
Y
u3 (x ,Y, z , t ) = u + h2cpx - (z - h2)ax
v l (x ,Y, z , t ) = (1 + R )v-h2cpy	 (z + h2)a
Rl
• (x , Y, z , t ) = ( 1 	 R) v + Z^y
v3	 Y(x,Y,z,t) = (1 	 R2)v + h2cp - , (z - h2)BR3
w i (x ,Y, z ) t ) = w	 (i = 1, 2 , 3)	 1
n
(2•b)
are
where u(x,y,t), v(x,y,t), and w(x,y,t) are the axial, circumferen-
tial, and inward radial displacements, respectively, of a point on
the median surface of the assembly, cpx (x,y ) t) and cpy (x,y,t) are
the changes in slope of a normal to this surface in the x and y
directions, respectively, and
R l = RI = 1 + 2( 2Q2 )^ l + (2h )]2
_	 R	 2h	 h
R3 = R = 1 - 2( R2)^l + (2_h )] (2.6)
are the dimensionless mean radii of the outer and inner faces, re-
spectively. The displacements so chosen are continuous at the in-
terfaces between layers. The positive directions of all axial,
circumferential, and radial displacements are taken to be the re-
spective positive coordinate directions.
The strain displacement relations for the three layers
aui
	
avi	 w 
ex I = ax
	 s	
eyi	 ayi a r 
au i	 avi
Yxy i — ay i + ax
au i	 awi
YzX i = ax (3x
aw.
	 ay .	 v.i +! + i bi
Yyz i 	ay i 	az	
r 
	
2
( i = 1 1 2, 3)
(2•%)
in which
8.
-DL = -i _a
ay i	r i by
r  = R1
(i =	 1 1 2 7 3)
r 2 = R - z
(2.8)
r3 = R3
i	 1 when i = 2
and b
2	 0 when i # 2
The quantity r i (i = 1, 2, 3) may be recognized as the polar radial
coordinate for the i th layer, while y i = r i b, where 9 is the polar
angle, is the local circumferential coordinate.
Substitution of Egs.(2.5), (2.7), and (2.8) into Egs.(2.1)
permits the stress-displacement relations to be written as
(1Ef 2)
{a - h2 aXx - (z + h2 )LW +	 [(1
Rf
+ R?)aQxl =
f 1
® h2
 a
Y
 -
1	 (z
2
+ h 2)L - R]}
R l BY
cr	 =
(lEv
1	 [(1 + R )ay -h2 b y	 - Rl (z+h2 ) a
2
2 - R]	 (2.9a)
31
f 1
+ ^f[^ - alph2 ax - (z + h2)a^]}
2
TxY1 
= 2(1+^f) {( 1	 + R2)a - h2
^
a^ + R [a
Y
 - h2
2
ax - 2(z+h2)a]}
I
_ 1	-'!x_ wQx2 
- 
TxY2 = 0	 ,	
aY2 - E
Y2 (x){ay + (1-z/R) [z ay	 R]}
G	 (x)
T yz2	(1?z/R) (CPy + ay]	 ,	
TzX2 = tic [ ^x + a
3
x]
. n
(2.9b)
ax	 ax= (lEf 2) {Lu + h2 !' x - (z-h2 )a 	+ of L (1- 
R ) a
Y
v
f	
x	 R3
9•
2
+ h2 as - 1 (z-h 2)^ - R])
	
R3	 a
y
°y = E  2 { 	 (1 - h  ) ay + h2 aay - ,l (z-h 2 )	 - R]
3	 ( 1 -v f ) R3	 R3	 aY
2.
a^x	 aLw
+ vf[ax + h2 ax - (z-h2)ax2]}
(2.9c)
M J
2
Txy3 = 2(EYvf { (1- R )ax + h2 as + R [a + h2 BYx - 2(z-h2)a^])
3
The strain and kinetic energies, respectively, of each of
the three layers may be written in the form
I Lo ^L/2
U i	 2  o J_ L/2j.z I (ax i ex i+ Cy Y i e  i + Txy i Yxy i + Tyz i Yyz i
ri
+ Tzx. Yzx. ) R dz i dxdy
I
rLo	
2
L/2 p
	
au.
	 ay. 
2
awl	 rTi = 2 .J
	 1	 J p i L(at I) + (at^) + (at') 2 ]R dzi	r 	 dxdy
o	 -L/2 Z.
	
(i = 1, 2, 3)	 ,	 (2.10)
in which z  is the inward radial coordinate measured from the median
surface of the i th layer, and the limits of integration on z  are
understood to cover the thickness of this layer. It is clear from
Fig. 1 that the z  and z are related by the expressions
zl =z+ (h 2 + 2 h l )	 ,	 z 2 = z	 ,	 z 3 =z - (h2 +2 h l )	 (2.11)
10.
Also, it is apparent from Egs.(2.5) and the second of Egs.(2.10) that
the present investigation includes both translatory and rotatory iner-
tia terms.
The variational functional consistent with the assumptions
of the present analysis may now be obtained by means of Hamilton's
principle:
6 J°t2 Ldt =0
t1
(2. 12)
where t  and t2 are arbitrary, but fixed, times and the Lagrangian
t
function L is given by
3
L = L (T i - Ui)	 (2.13)
i=1
I	 since the potential of the applied loads vanishes for the free vibra-
tions considered here (i.e., for the free vibrations of simply-
supported and clamped sandwich shells).
Thus, expressing Eq.(2.13) in terms of displacements by means
of Egs.(2.5) and (2.7) to (2.11) (with reference to Fir. 2), substitu-
ting the result into Eq.(2.12), performing the indicated variation,
integrating by parts, and setting variations at the arbitrary times t1
and t2
 equal to zero leads to the variational functional
	bF = J°t2 (( 
f Lo fL/2
 {	 f2Kf (RV2 u - v	 + R (1+v )-^ (^ -u)]
t 1	 0	 -L/2 R	 ax	 2	 f By ax	 ay,
	2 	 2	 h	 2
° K2R (2R2)2 b1[ ax2
x
	2 (1`vf)ay2
v
	(2h2)ax tax2
4
i'
S
2
)]} budxdy	 t
By
1
Lo pL/2 {2Kf [RV2u ^ R	 ^ ^ ^
+fo ^J -L/2 R	 by	 2 
(l+vf ) ax (ax	 by 	 t
2
Kf (2R2)2[t1°Vf)b2
ax
2
+ 1 (1+^ )a ^Px _ (hi )-^( w ° b ^) _ (h' )^]}bvdxdy
2	 f axay
	
2h2 ay ax2 	 3 ay2 	 2h2 By2
3
L	 L/2	 h
+ oo°=L/2{Kfn 1h2[ _ 3 (2h2)v w + ax (V2cpX ) + ay tV2cpy ) ]
K h	 2h	 2	 2	 2	 2	 26	 2f 1	 2	 s- u - D—U-)+ JL ( r v- b B-v) + t r W]	 }(®)[b2	 R	 1 ax ax2 ay2 dy ax2 	 3 ay2	 R	 2by
gg
v
+ 2Kf (^ ° w + v ^] +K f 6 1 (2h2)2[a^ ® 2 (2h )^]
R by R	 f ax	 2	 R	 ay	 2 by
+ 2pch2 aX (cpx + aw))6wdxdy
h+ ° Lo 
L/2 {2K h 2 [v + 1(I+v )-(ate _ NPx ) _ (11h1 )^(A2w)]
	O°-L/2 f 	 ^x 2	 f ay ax	 By	 2 ax f
K R 2h
° 2p,ch2 (cpX + aX ) 4 t R2)2[ (1+vf) ay (ax + b1By
+ 2b 1 (^ - ^) ]}bcpXdxdy 4-
ax	 By
(continued on next page)
r
°
1 n
12.
h
+ J.00 J. 	
(2Kfh22[v2cpx	 2 (1+v f )ax (ax	 -Tx) (2h2 )ay (v2w)]
K2R (2"2)2[(1°vf)b2 a + R
, a - (2h )^ 2]}6cpydxdyza
N	 0	 2h	 a` CP
+ J' L° E J` I [E	 'L(R ay - w) b v + 12 ("2 ) 2 (R2 a^ c - aY)6^Y]
o i=1 ^i
E	 2h	 2 2h	 acp
+ R ( R2)[R ay - w + R2 (R2)2 aY^] bw
w
+ 2Gwh2[by ((py + ay )bw ° (cpy + aY)b^y]}dxdy
I
L 	 L/2	 2h	 h
- Joo J
-L/2
2p fh 1 {u + 4 (R2 ) 2 6 1 [(2h2 )a ° lPx]}budxdy
^Lo ILL/2	 R 2h2 2 h i lw - 2b °'] bvdxd
° o 
J 
°L/22pfh1
{v
 + 4( R) ((2h2 ) by	 2cP }
	
Y
J
Lo rL/2 2p
fh 1 {v + 4(2"2)2[(2hL)ay ° Zb2c^y]}bvdxdy
J o J ° L/2	 .-
PPLo pL/2	 R h l 	2h2 2 4R h 1	 2.	 a^x	 acpJo 
1- 
L/2 2p fh 1 {w ° 4(2h2)( R) [ T (2h2 )v ° R(ax + by
+ 61 L + aY) }bwdxdy
L TL/2
	
h	 b
^o J - L/2 2pfh1{h22['Px ° (2h2 )
a ° R u]}bcpxdxdy
p Lo pL/2	 2	 h 1 a+^	 262
J o J°L/22pfhl{h2 [ipy (2h2)aY ° R v] }6cpydxdy
pLo 
N 
w r0 i	 R 2h2 2..	 R 2h2 2°
° J
	
J	 2pwh2{(ii	 12 (R) cpx ]6u + [v 	 (R) cpy l6v + w bw
o i=1 tti
(continued on next page)
13.
	
2h	 2h
+ 12 2(R) 2 ( Ripx
 - u1&Qx + 12 (R2)2(RQy - 2J)bcpy}dxdyD dt
° J t2 1L09 (N + Nx )bu + [ (l+ h2)Nx + (1- h R )N x ]6v-h2 (N x -Nx )bcpx
	
t i 0	
x 
1	 3	 y1	
Y3	 1	 3
° h2 x(N	 -Nx	 x) bcp - [ (M
	
+ M )
	
2l (N x ° Nx ) ]a
	
Y t	 y3	y	 l	 3	 l	 3
+x(ax [ (M + M )	 2 x	 x1 (N ° N ) ] - 2 aY [ (^ M	 + 1 M )
	
1	
x 3
	
1	 3	 R1 xy l	 R3 xy 3
2
+ R1 (R Nxy 1	 R 
Nxy3 ) J + Qx2 + 2pfh 1 [ h3 ijx
	
h 2 2 cpx
	
1	 3
	
h 1 2h2 •	 L/2
+ 4 ( R)8lii]}8w]°L/2 dydt = 0 	 ,	 (2.14)
in which terms of the order of (2h2 /R) 2 or higher have been neglected com-
pared to unity (See APPENDIX A) and a dot indicates partial differentiatijn
with respect to time. In addition, the axial coordinates of the left- and
right-hand faces of the N  webs, respectively, are
C i = - 2 L + (i-1)s	 and	 ^i = cl + b
	 (i = 112j,...,Nw) 
f
(2.15)
f_
h1
b l = 1 + (2h2)
E f h 1
Kf 
= (I°vf2)
h
b 2 = 1 + 2 (2h )2
°2 = a?2 + a?2
Fix	 by
h
b 3 = 1 + 2 (2h )2
v = v (v2)
and
(2.16)
I
14.
Finally, the quantities N  , N 	 , Mx , Mx (i = 1,3) and Qx
 appearing
i	 yi	 i	 yi	 2
in the boundary terms in Eq.(2.14) are stress resultants referred to the
lengths dx, dy of the median surface. In a straightforward manner, these
resultants may be shown to be
h1/2	 ENx = Rl 
f	
6x dzl = fhl 2 {R l [AX - h2 axx + 21 a?2)
1	 -h 1 /2	 1	 ( 1
-vf )	 ax
+ v f [ (1 + hR )a - h2
	
+ h^ a - R)}Y	 y	 2R1 ay
h1/2	 Efh1
	
BY,	 2
N	 T	
dzr	 ^^ - h	 awxy l = R l 
.l -h /2 xy l 
l = 2 ( ^ +vf} By
	
2 ay + h l 
axaY
1
_h	 aW }
+RI C (1+R)ax h2aax
M = R 1 fh1/2 
ax 
z l dz l
 =	
E f h 1 3
 2 CRl L + 
of 
A" 2x	 J
1	 -h1/2 1
	
12(1-vf )	 ax	 R1 By
h 1 /2	 Efhl3 a2w
Mxy I - - R1 Y-h /2Txy l z l dz l 	 12(1+v f ) axay1
o	
ph2
Qc2 = J -h Tzx2 (1	 R) dz = Zip 	 (^Qx + a )
2
hl/2
	
Efhl — D-u	 2Vx h l a 2 w
Nx3 = R3 f-h1/26x3dz3 
= (1°vf2) {
R3 [ ax + h2 ax - 2 ax23
(z.17)
+ v f 	 RC(1 - h2)^+ h -^ - h^ ^ ° R)}ay	 2 By
	 211
3 B
y
N	 -
x l
	x3
N = 0
w=0
	 ,	 cpy= 0
N + N = 0
x 
	 x3
v = 0	 , (2. 18a-f)
{
15.
hl/2
N	 = R , J
	
T dz = 
E 
f h 1	 au	 &Px	
a 
2 w
xy3	
-hl/2 xy3 3 2(l+vf) {ay + h2 ay - h l ax`y
h2 
v	 }+ R3[ (l- R )ax + h2 ax ]
Mx = R3 f
hl/2 
ax z3dz3 = - Efhl3 2 [R3 ^ + 
of 
a22]
3	 -hl/2 3	 12(1-vf )
	 ax	 R3 by
h l /2	 Efh13	
a2wRM	 =-	 J 
1 
T	 zdz =	 ,
xy3 	 3 -h /2 xy3 3 3	
22(1+vf axcy
which contain no approximations.
The natural boundary conditions for the free vibrations of a circu-
lar, cylindrical, web-stiffened sandwich shell may be obtained from the last
integral in the variational functional [Eq.(2.14)].
For the simply-supported shell they are taken as-
at x = + L/2 and - L/2,
M + M
x i	 x3
h
I (Nx 	N ) = 0x
t	 3
By virtue of Egs.(2.18 c-e), at x = t L/2, the partial derivatives of v, w,
and cpy with respect to y must vanish, so tnat the use of Egs.(2.17) in
Egs.(2.18a,b,f) results in
2
AL= A_U = "Px = 0	 at x =f L/2
ax 	 ax ax
which are exact. Thus,
at x = + L/2 and - L/21
16.
a2w au aWx
w=ax2=ax=a# v
=IVY =0 (2.19)
Equations (2.19) are the boundary conditions for a simply-supported web-
stiffened sandwich shell without axial constraint. A shell with such end
conditions is often referred to as "freely-supported".
For a clamped web-stiffened sandwich shel l, the boundary conditions
are taken as s
at x = +L/2 and -L/2 ,
w=a#= u
= cpx = v = cpy = 0
	 (2.20)
which include axial constraint.
Obviously, other possible definitions of simply-supported and
clamped edges may be considered, but this will not be done here.
4
IT
3. CLASSICAL NATURAL MODES OF HOMOGENEOUS BEAMS
In the present investigation, the natural frequencies of circular,
cylindrical sandwich shells will be determined from the variational func-
tional [Eq.(2.14)] by means of a Galerkin procedure for the cases of simply-
supported and clamped ends. Such a technique requires that the displace-
ments be represented approximately by assumed functions which satisfy the
boundary conditions of the particular problem. It is necessary to deviate
fr-m the usual procedure of obtaining the equations of motion and the natu-
ral boundary conditions by the application of the fundamental lemma of the
calculus of variations because of the spatial discontinuity in the inte-
grand of Eq.(2.14).
A convenient set of orthogonal functions which may be used to
form approximate displacement functions satisfying the end conditions of
sandwich shells and beams is the set consisting of the classical Bernoulli-
Euler modes of the free vibrations of a homogeneous beam of length L. These
functions satisfy one of the following two differential equations.
X I V W - lenXn (x) = 0
(3.1)
Y IV (x) -o'nYn (x) = 0	 ,	 for -2<x<2
together with appropriate boundary conditions (Ref. 8). Here a prime de-
notes differentiation with respect to x, n is a non-negative integer,
Xril an are constants, and X  and Y  are, respectively, symmetric and anti-
:ymmetric with respect to the midpoint of the beam, x = 0.
18.
For a simply-supported homogeneous beam of length L, the boundary
conditions associated with Egs.(3.1) are
X(f2) =X^(f2n	 )=0
(3.2)
Yn
 (f 2) = Yr (f 2) = 0
The solutions of Egs.(3.1) satisfying Fgs.(3.2) may be written as
Xn
 (x) = f2 cosAnx	 and	 Yn (x) = f2 s i n6nx	 (n > 1) ,
(3.3)
where
An = (2n-1)Y-	 and	 6n = 2n L
	
(3.4)
I
For a clamped homogeneous beam of length L, the boundary condi-
tions associated with Egs.(3.1) are
Xn(f2)=XI(f2)=0
(3.5)
Yn (f 2) = Yn (f) = 0
The solutions of Egs.(3.1) satisfying Egs.(3-5) may be put in the form
A L	 % L
Xn (x) = T )n [cosAnx cosh( 2 ) - coshAnx cos( n )j
a
n 
L	 v L	
(3.6)
Yn (x) = Sn [sinanx sinh ( ) - sin hanxsin(2 )] 	 (n > 1) ,
10
in which X  and 6n , respectively, may be obtained from the consecutive posi-
tive roots of the transcendental equations
tan (xn L/2) + tanh(X n L/2) = 0
(3.7)
tan (Qn L/2) - tanh(Qn L/2) = 0
and
^n = f2/ cosh 2 O%J/2) + cos2 (k L/2)
Sn = f2/ sinh2 (an L/2) - sin 2 (CF nL/2)
(n > 1)
(3.8)
(n > 1)
Eqs. (3.7
given by
integral
I Xj dx = -
Series solutions for the roots of
The functions X and Yn	 n
(3.8) may be shown to satisfy the
L/2	 L/2
X X.dx = L8 
	 J	 Xi
-L/2 n J	 J	
-L/2
may be found in Ref. 4.
Egs.(3.3), (3.4) and (3.6) to
relations
L/2
Xn
0
Xjd x = An4L8^
-L/2
(3.9)
L/2	 n	 p L/2	 L/2	
4Y Y.dx = L8. , J	 Y' Y' 	= _ 	 Y^Y.'dx = v L8n
°L/2 n J	 J	 -L/2 n J	
-L/2 n J	 n	 J
where n,j = 1,2,... and 8n is the Kronecker delta, defined by
1 when n = j
6j
fO when n # j
20.
In addition to Egs.(3.9), the mode shapes of the free vibrations
of a simply-supported homogeneous beam of length L [Egs.(3.3)] also satisfy
the integral relations
L/2 i r
	
L/2
-L/2 nn-L/2	
0
X X.dx = - J'	 X X 
J	 n
,dx = Xn
 L8n
J	 J
(3.10)
L/2 I I	 L/2	
2
-L/2 n J
Y Y.dx = - f 
-L/2 
Y
n
 Y 
J	
Cra 
n
.dx = L6^
 J
where n, j = 1, 2,
By means of the procedure developed in Ref. 4, the mode shapes of
simply-supported and clamped homogeneous beams may be employed to construct
approximate displacement functions satisfying the boundary conditions of the
corresponding sandwich shells. The resulting functions are listed in the
sections that follow.
1'.
4. SIMPLY-SUPPORTED SANDWICH SHELLS
Since the sandwich shell under investigation is closed in the
circumferential direction, the displacements must be periodic in y, with
a fundamental period Lo
 = 27rR. In order to satisfy both the periodicity
requirement and the boundary conditions for simply -supported ends [Egso
(2.19)3, the displacement functions are assumed in the form
M N	 _
w (x rYa t ) _ { E £ [Amn Xn (x) + A nn n (x ) )cos R
m=0 n=1
21
M N	 _
+ E Z [FmnXn (x) + F^Yn(x)]sin R } coswt
m=l n=1
M N
•	 u (x ) Y9 t) = L{ E E [ SmnXn (x ) + ®mnYn (x) )cos
m=O n=1
M N
+ E Z [G Xn(x) + G^Yn(x)]sin R}coswt.
m=1 n=1	
mn
eMM
	 N
qx Y., t ) = { F, F [C xn(x) + C Yn Ox) ICos R
m 	
mn=0 n=1
(4.1)
M N	 _
+ E £ [H^Xn (x) + H^Yn(x)]sin R }coswt
m=1 n=1
M N
V (xY Y 9 t ) = { E E IDmn Xn (x) + D Yn(x))sIn R
m=1 n=1
M N	 _
+ E. , E [ R Xn (x) + Rmn Yn (X) ]cos R } coswt
m 	
mn®0 n®1
e
22.
M N
cpy (x ,Y, t ) _	 { E	 E [ EmnXn (x) + Emn Yn (x )] sin RM=l n=1
M N
+ E E [SmnXn(x) + Smn Yn (x)]cos R}cosc^t
m=0 n=1
in which m is th.e circumferential mode number; w is the natural frequency;
the A
mn'	 ' Smn 
and Amn' ...' Smn are undetermined constants; a prime de-
notes differentiation with respect to x; M and N are integers indicating the
number of modes included in the approximate solution; and the functions Xn(x)
and Yn (x) are the classical Bernoulli-Euler modes of the free vibrations of a
simply-supported homogeneous beam of length L, as given by Egs.(3.3) and (3.4).
The technique of selecting the displacement functions was developed in Ref. 4
The coefficients A	 to E	 and A	 to E	 are associated with
mn	 mn	 mn	 mn
deformation symmetric with respect to the x-z plane (circumferentially sym-
metric modes), while the remaining coefficients are associated with deforma-
tion antisymmetric with respect to the x-z plane (circumferentially antisym-
metric modes). In each case, the unbarred coefficients refer to deformation
that is symmetric with respect to the plane x = 0, and the barred coeffi-
cients refer to that which is antisymmetric.
It now remains to determine the frequency equation by substituting
the assumed displacement functions into the variational functional [Eq.(2.14)].
However, in view of the orthogonality of the trigonometric functions in y and
the absence of non-axisymmetric stiffening, it follows from Egs.(2.14) and
(4.1) that the circumferentially symmetric modes will uncouple from the anti-
symmetric ones. In addition, for a given set of circumferential modes, the
procedure given in Ref. 4 may be used to show that the equations involving
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length-wise symmetric deformation (i.e., those involving the unbarred coef-
ficients) will uncouple from the equations involving length-wise antisym-
metric deformation (i.e., those involving the barred coefficients). Thus,
„	 the problem under consideration uncouples into four simpler ones:
(1) Circumferentially symmetric modes symmetric with respect to the
midpoint of the shell
(2) Circumferentially symmetric modes antisymmetric with respect to
the midpoint of the shell
(3) Circumferentially antisymmetric modes symmetric with respect to
the midpoint of the shell
(4) Circumferentially antisymmetric modes antisymmetric with respect
to the midpoint of the shell.
To facilitate the work that follows, introduce the notation
= x/ L	 ,	 ><n = (An L/2;r)	 ,	 a•n =; (an L/27r)
H = h 2 (2(h I /2h2 ) + Nw (pw/p f )(b/ L )]	 ,	 Q = 8p fW H2/9r2Ef
N 	 Si/L	 N 	 Si/L dX dXi
E l (n ,.l) = E J	 X X.dg	 ,	 ,.l) = E J	 d" d dt
i=1 ^i/L n j	 2	 i=1 ^i/L	 g
(4.2)
N 
	 Oi/L	 Nw	 O i / L dY dY^
E3 (n ,.J) = E ^•	 YnY.d^	 ,	 E4(n ,.l) = E J
	
n	 d;
i=1 J cr i /L	 i=1 ai/L dg d^
where Q is the dimensionless frequency parameter, and H is the half-thickness
of a homogeneous shell of length L, mean radius R, and mass density p f which
•	 has the same mass (or weight) as the web-stiffened sandwich shell.
'1
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Now, consider the circumferentially symmetric modes symmetric with
respect to the mid-length [problem (1)]. Substituting the A mn to Emn terms
in Egs.(4.1) into the variational functional [Eq.(2.14)], using Egs.(3.9),
f	 (3.10), and (4.2), and setting the coefficients of the independent variations
gAmn to 6E
mn equal to zero leads to the following five sets of linear, homo-
geneous, algebraic equations in the Amn to Emn°
N	 _	 _
£ Amj (1+Bm){^ 2 [ (k l ),,n 2+k2m2+k3)BJ+k4E 1 (n,J)]-[ (k^ k6m2+k^?L
j=1
+ ksZ2m2+k9m +k 10X )Bj+(ki1+k12M ) E l KJ)]I
N	 _	 _	 _
+ E B^^j
 (1+8° {i22 (k13Xn2ej)^(ki4+ki5^'n2-k16m2)Xn25.1j=1
(4.3a)
N	 _
	
—2	 _
+	 0mj(1+Bm){n2(mk17^n2ejj=1	 )=(kl0-kl8Xn-k19m2)^n2ej}
N	 _
+ E Dmj m{ct2(k205n)-[=(k5+k 19X -k21m2)Bj-k11E1 (nsj)]'}j=1
+ ^ l Emj m{O2(k225 )-[-(k23 k24^n2-k25m2)Bj-(k26+k27)E1(nsj)]} = 0
25.
N	 _	 _
F 
Amj 
(l+bn,)JO (k 13 n2sj)-(k14+k15n2-k16m2)1n26^}j=1
N	 _	 _
+ E Bm 0 +Sm)(o[k28^ n2Sn + k4E2 (n,j)]m(k2 ^n2+k3om2)bn2Sn.}j=1	 j	 j	 9	 j
+ E Cm (1+Sm)[Q. -k3i^ n2SJ=k3^E2(^,j)]°[- (k33n2°k34m2 )n2sj])j=1	 J
N	 _
+ Z Dmj m{°(°k35n 2b )) = oj=1 (4.3b)
N	 _	 _	 _
E Amj (l+Sm)(0 (°kid ^
n 2s^)°(k 10°k l g^n 2°k 19m2 )^n2s^ }j=1
+ E Bmj(l+Sn){S)2[°k3i^n2s^°k32E2(n,J)]®[°(k33n2°k34m2)n2sj],
j=1
N	 _
• E Cmj (1+Sm){^2 [k Tn2S^+k37E2(n,j)]°(k10+k387^n2+k3gm2)^,n26j}
j=1
N	
_	 N	 _	 (4.30
• E Dmj mt-k4oa n 2sn ) + E Em m(°(-k4t xn 28n )) = 0
=1	 J	 j=1	 j	 J
N	 _
F Amjm{'t2(°k20S^)°[°(k5+k19n2°k21m2)5j-k11E1(n,J)]}
j=1
+ E B m{.°(°k35 A, 25n)) + E Cm m{°k4G^^SnI + E Dm (1°8m){SZ2[k3bnj' 1 mj	 j	 J	 j =1	 j	 J
(4.3d)
• k4E I (n,j)] °L(k4an2+k5m2)51+k 11 m2E1(n,j)])
N	 _
• E Em (1-gm){^2L®k4351-k44E1(n,j)]-(k^5m2-k451kn?)8J) = 0j = 1	 .i
26.
N	 _ 2
E Am^r^{^^2(b.22SJ)-[°(k23-k24^n-k25m2)Sj-(k26+k27)El(n,J)11
j=1
N	 _	 N
„	 + E Cm m{=(-k4t
'
n25
 )} + £ Dmj (1-S o^ {Q2 [-k43S^ -k44E I (n,j)l
j=1	 t	 j=1
_	 N
(k25m2°k45an2),n 
+ ,E 1 Emj (1-Sm}{^22 [k4O +k37E1(n,j)]
[(k473: 2+k48m2 )S^"l. + ( k49+k50m2 ) E l (n, j )1} = 0	 ,	 (4.3e)
which are valid for n = i,t, " ', N and any given value of the integer m > 0
(i.e., the circumferential mode number m appears as a parameter). The con-
stants k 1 to k50 appearing in Egs.(4.3) are functions of geometry and physi-
cal properties, and are listed in APPENDIX B, along with explicit expres-
sions for the mode-shape i^ , tegrals E I (n,j) to E4(n,j).
For circumferentially symmetric modes having length-wise antisym-
metric deformation [problem (2)], repetition of the above procedure leads
to five sets of linear, homogeneous, algebraic equations in the Amn to Em.
These equations are identical in form to those of problem (1) and may be
obtained from Egs.(4.3) by replacing A mn to E	 by T to Ems , respectively,
Xn by an , E I (n,j) by E3 (n,j), and E2 (n,j) by E4 (n,j). It should be noted
that for m = 0, the equations governing problems (1) and (2) correspond to
what is commonly called the "axisymmetric vibrations"
Next, consider the circumferentially antisymmetric modes having
length-wise symmetric deformation [problem (3)1. Substituting the F ,
mn
6nin, Hmn, Rmn
, Smn terms in Egs.(4.1) into Eq.(2.14), using E gs.(3 . 9), (3.10),
and (4.2), and setting the coefficients of the independent variations
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bFmn , 	 , bSmn equal to zero leads to five sets of linear ; homogeneous;
algebraic equations in the Fmn , " ', Smn . The resulting equations may be
obtained from those of problem (1) [Egs.(4.3)] by replacing A mn to Emn by
Fmn'	 Smn. respectively, (1 1 bm) by (1 + gm), respectively_ and m by - m.
Finally, for the circumferentially antisymmetric modes having
length-wise symmetric deformation [problem (4)], the governing equations may
be obtained from Egs.(4.3) by replacing Amn to Emn by Fmn , " ', Smn , respec-
tively, kn by 6n , E l (n ,)) by E3 (n ,)), E2 ( n ,J) by E4( n ,.l), ( 1	 bm) by ( I + Sm),
respectively, and m by -m. When m = 0, the equations q(-verning problems (3)
and (4) correspond to what is referred to as "torsional vibrations"
For a given value of m, Egs.(4.3) may be written in matrix form as
[K)[X] = (12 [M][X]
	 (4.4)
where [X] is a column vector containing the undetermined displacement con-
stants A
mn	 r^^
to E , and the stiffness and mass matrices [K] and [M), respec-
tively, are symmetric. In view of the similarity of the equations governing
problems (1) to (4), it follows that each of the four problems may be repre-
sented by a matrix equation identical in form to Eq.(4.4). For problems (1)
and (2), this matrix equation poses an eigenvalue problem of size 3N x 3N
when m = 0 and 5N x 5M for m > l ; while for problems (3) and (4), it poses
an eigenvalue problem of size 2N x 2N when m = 0 and 5N x 5N when m > I.
Equation (4.4) with the stiffness and mass matrices [K] and [M], re-
spectively, corresponding to problems (1) to (4) are all of the ingredients
required to determine the natural frequencies of a simply-supported, web-
stiffened, circular; cylindrical sandwich shell.	 It should be pointed out,
howevtr, that in the absence of non-axisymmetric stiffening or mas- distri-
bution (as in the case of stringers, for example), the frequencies
[K]-1[M][x] = (1/02 )[ x ]	 1 (4.5)
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corresponding to problems (1) and (3), (2) and (4) for a given value of the
circumferential mode number m > 1 must be identical. This is easily seen,
since the displacement functions corresponding to problems (1) and (3), (2)
and (4) [See Egs.(4.1)] are all harmonic functions of y, the mode shapes
within each of the two sets differing only in that they are a quarter wave-
length out of phase. Thus, for problems (3) and (4), moving the y origin 	 j
to y = Lo/4 will yield the same displacement patterns and hence the same
natural frequencies as problems (1) and (2), respectively. The equality of
frequencies for problems (1) and (3), (2) and (4) will serve as a check of
the accuracy of the numerical study to be performed later.
The eigenvalue problem posed by Eq.(4.4) may be solved without
much difficulty. For instance, if (following Ref.4) Eq.(4.4) is rewritten
in the form
where [K]
-1
 is the inverse of [K], then the eigenvalues follow from the de-
terminantal equation
det[[K]-1[M] _ (1/02 )[I]) = 0
	
(4.6)
in which [I] is the identity matrix. Application of Faddeev's method (Ref. 9)
to Eq.(4.6) permits the natural frequencies to be determined from the polyno-
mial expansion of Eq.(4.6) by means of the N ewton-Raphson technique.
As in all approximate solutions for natural frequencies, convergence
of the frequencie., ;oust be demonstrated at least numerically. This is done in
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the present investigation by first carrying out the above procedure for an
assumed value of N, i.e., for a given number of terms in the displacement
series. When this has been completed, the number of terms is increased by
using larger and larger values of N until convergence of the natural fre=
quencie:s can be seen.
It is of interest at this point to develop equations for the free
vibrations of a simply-supported sandwich shell whose mean radius, face and
core thicknesses, axial length, and face properties are identical to those
of a given web-stiffened sandwich shell, but whose core properties repre-
sent an averaging of those of the web-stiffened core. The results yielded
by these equations may be compared with those obtained from the preceding
equations in order to determine the amount of error incurred by averaging or
smearing-out a given web-stiffened core.
Smearing-out the mass, circumf
circumferential transverse shear modulus
depth 2h2 , and mean radius R, containing
Ew, Gw and width b, leads to
P2 = pwNw (b/L)	 ,	 Ey 2 = EwNw(b/L)
:rential modulus of elasticity, and
of a web-stiffened core of length L,
N  webs with physical properties pw,
Gyz2 = GwNw (b/L)
	 7
,,
(4.7)
which follow directly from Fig. 2. The shear modulus p, c , being an average
value, remains unchanged, and the axial modulus of elasticity and the cir-
cumferential shear modulus in the axial direction being zero, remain so.
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Of course, the value of µc depends on the number and width of the wn.bs in
the core being smeared (See Egs.(2.2) and (2.3).].
Repetition of the preceding analysis, with Egs.(4.7) replacing the
core properties defined previously by Fig. 2, results in equations which are
identical in form to those obtained for the web-stiffened shells. Specifi-
cally, for a simply-supported sandwich shell with a homogeneous core, the
governing frequency equations are identical in form to those of problems (1)
to (4), but now the mode-shape integrals E I (n,j) to E4 (n,j) and the con-
stants k4, k 11 , k 12 , k26 , k27 , k32 , k37 , k44' k49'k50 become
E I (n , j ) = 6^	 E2(n,j) = 4Tr2x^8^
E3 (n , j ) = 6^ 	 E4(n,j) = 47r CY^8J
k4 = (7r2/2) (1 -v2 )N w (b/L) (pw/pf)/(2h2/R)2
k ll = (1 -V2)Nw(b/L)(Ew/Ef)(H/h2)2
k12 = (1/2)(1 -vf)Nw (b/L)(Ew/E f)(H/h2 ) 2 1 +Vw)
k26 = ( 1 /247x) (1 -v2 )Nw (b/L) (Ew/Ef ) (H/h2)2(2h2/R)2(Lo/L)
k27 = ( 1 /40 ( 1 -v2 )N w (b/L) (Ew/E f) (H/h2)2(Lo/L)/(l +Vw) (4.8)
k32 = (r/48)(1 - Vf )Nw (b/L) (pw/p f ) (Lo/L)
k37 = ( 1 /96) ( 1 °V2)NW(b/L)(pW/pf)(Lo/L)2
k44 = (7T/24) (1 -v2 )NW (b/L) (pW/p f ) (Lo/L)
k49 = ( 1 /872 )( 1 -Vf) NW (b/L)(Ew/Ef)(H/h2 ) 2 (Lo/L) 2 /0 +V )
k50 = ( 1 /4872 ) ( 1 -vf)NW(b/L) (Ew/Ef) (H/h2)2(2h2A)2(Lo/L)2
All other quantities required are identical to those defined previously in
this section.
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5. CLAMPED SANDWICH SMELLS
In order to satisfy both the periodicity requirement in y and
the boundary conditions for clamped ends [ Egso (2.20)] 9
 the displacement
functions are assumed in the form
f 
M 2N
W (X Y.9 0 — { E £ ( Amn Xn (x) + X Yn (x) )cos R
m= 0
 n=1
M 2N
+ E E [J^Xn (x) + J^Yn (x)]sin MX
m=1 n=1
rr 
M	 N
U. (x 9 Y 9 t ) — L ^+ E [ LBXn (x) + Cmn Yn (x) + L9 Yn (x) + C^Xn (x) ]cos AR
m=0 n=1
M N
	 _	 _
	
+ E E [LK X' (x) + L Y
 (x) + LK Y'(x) + L X (x) 	 Is 71coscut
m=1 n=1	 mn n	 mn n	 mn n	 mn n	 R
M N	 _	 _
(x 9 y.t) = { E	 E [D X' (x) + 1 E Y (x) + D Y' (x) + , E X (x)]Cos
m=0 n=1 mn n	 L mn n	 Mn n	 L mn n	 R
M	 N	 (5.1)
+ E E [ MmnXn' (x) + L NmnYn (x) + MmYn (x) + L NmXn (x) Is i n R }coswtm=1 n=1
M N
jj	
_
V (x9 Y9 t ) = L ^+ E [F Xn (x) + LGmn a (x) + Fmn Yn (x) + LCmn n(x)]sin Rm=1 n=1
M N	 _
+ E E [o,^,Xn (x) + LRM Y I (x) + Q^Yn (x) + LR^X' (x) ]cos R ^coswt
m=0 n=1
M N
	 _
^Py (x;Ys t ) = { E E [E N^Xn (x) + IM Yn'(x) + L "mYn(x) +. ImXn' (x)Isin Rm=1 n=1
32.
e
m=0 n=1
+ E E [L S^Xn (x) + T Yn (x) + L S^Yn (x) + T xn, (x) ]cos R )coswt 9
M N
	 _	 _
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where m is the circumferential mode number; w is the natural frequency; the
Amn'	 Tmn 
and A
mn'	
' Tmn are constants; a prime denotes differenti-
ation with respect to x; M and N are integers indicating the number of modes
assumed in the approximate solution; and the functions X n (x) and Yn (x) are
the classical Bernoulli-Euler modes of the free vibrations of a clamped
homogeneous beam of length L, as given by Egs.(3.6) to (3.8).
The coefficients Amn to I mn and Amn to Tmn are associated with
the circumferentially symmetric modes, while the remaining coefficients are
associated with the circumferentially antisymmetric modes. In each case, the
unbarred coefficients refer to deformation that is symmetric with respect to
the plane x = 0 ; and the barred ones refer to that which is antisymmetric.
As in the study of a simplyTsupported sandwich shell, it can be
shown that the problem under consideration here also uncouples into four
simpler ones, whose definitions are identical to problems (1) to (4) in
Section 4. However, because of the complexity of the present problem ; it
was decided to consider in detail only the axisymmetric and torsional modes
of the clamped sandwich shell, corresponding to m = 0 in Egs.(5.1).
	
It is
possible to show that for the present problem the circumferential mode num-
ber appears only as a parameter in the frequency equations corresponding to
the general case of Eq.(5.1), making the above restriction permissible.
To simplify the work that follows, introduce the notation
f; = x / L
	 ,	 An = (An L/27r)
	 ,	 an = (an L/27r)
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H = h2 [2(h 1 /2h2 ) + Nw (Pw/pf)(b/L)] ,	 02 = 9pfw2H2/rr2Ef
1/2	 dXn dXj 1/2	 dYj
C l (n , j ) = f=1/2	 dg d	 dt	 , C2(nj) — f	 X	 d	 d9n
=1/2
1/2 dXn
2d Yj1/ 2 dYn dYj
C 3 (n ,J) — p
.Id9 d^	
,
d 2
C4(n,j) _ p	 dg
.I ° 1/2 dg
	 d9
	 (5.2)
°1/2
N 
	 p i /L N 	 13i/L	 dYj
E 1 (n , j )	 = E	 ,r
i=1	 ai/L
X n X dg	 ,j E2 (n , j ) = E J	 X  d^ d9i=l	 aiA
N 	 P i /L dY	 dY. N 	 1i/L
E3 (n , j ) = E f
i=1	 a i /L dg d	
dg	 , E4(n,j) — E	 f	 YYjdg
i=.1	 ai/L 
n
N 	 /LPP i dX N	 P i /L dX	 dX
E5 (n , j ) = E	
.1
d^n Yj dg	 , _E6 f	 dn d^j d9 odg'
i=1
	
a i A i=1
	
a i A
and	 first consider the axisymmetric modes	 [i.e., m = 0	 in problem	 (1)].	 Bear-
ing in mind that v (x,y,t) = Cp y (x,y,t) = 0 for this case, substitute the Ao,n
to Eon terms in Eq.(5.1) into the variational functional [Eq.(2.14)], use
,
Eg s . (3 . 9) and (5.2) (after some integrations by parts), and set the coeffi-
cients of the independent variations &Ao n to 8Eo n equal to zero to obtain
9
the following five sets of linear homogeneous, algebraic equations in the Ao n
to E
o, n
2N	 _
E Ao,j{S22[k16 + k2 C 1 (n, j ) + k3 E 1 (n, j )] ° [ (k4+k5 >< n 4)6^ + k6C1(n,j)
j=1
N
+ k^E1(n,j)]} + E
j=1 Bo,j {S12 [ k$C 1 (n, j )]°[ k9^n46^ + krOCI(n,j)]}
(continued on next page)
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+ jE1 
c0,j (0 [°kgC 2 (n,J)]°[°k 10C 2 (n,J) °k 11 C3 (n ,J)]} + J E1 oo,J(o.H^ 2C1(n,j)]
N
° [ ° k13^n4sj+k6C1(n,J)]1 + jE1 Eo,J(o2[k12CZ(n,J)].[kl c3(n,J)
k6C 2 (n, j ) ] E = 0
	
for n = 1, 2, ° ° °, 2N
	
(5.3a)
2E A
O
(^22 [ k8C 1 (j , n )]°[k9X b^ + k 10C 1 (j , n )]I + E Bo9j {K^2[k1Cl(n,J)
, Jj=1	 J=1
N
+ k3E6(n,J)l° k 15 n5 j! + JE 1 CoDJ to [°k I c2 (n ,J) + k3ES(naJ)]
N
° [°k16C3(n,J)l} + JE 1 ®o,J(02[°k16C1(n,J) °k1^E6(n,J)]°[-kl, 
4Bn31
N
+ E Eo, l (0 [k16C2(n,j) ° k 17E5(n ,J)] ° k 19C3 (n ,J)j = 0j=1
for n = 1,2,000pN
(5.3b)
2N	 N
E A
O,J (O2 [ °k^C2 (J,n)°[ °k 1 0
C2 (J , n ) °k 11 C3 (J, n )ll + E BO,J(Q2[°k1C2^J,n)
j=1	 j=1
N
+ k3E5 (J,n)]°[-k20C3 (J,n)]} + E
j =1 c00J to2[k16 + 
k3 E4(n,J)]mk20C4(n,J)}
2[	 2+ jE 1 00,1k16C2(J,n)°k17E5	 E(J, n ) j °k 19C3(J, n ))+ Jl Eo,J(n[°k165J
° k 17E4(n ,J)] ° [°k 19C4(n,J)ll = 0	 for n = 1, 
29 ooa 9 N	 (5.3c)
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2N	
2
j E I Ao, J 10 [°kl2C1 U r n )]°[-k t3Xn	 2Bj + k6C 1 U,n M + jEl B®,J (0[ °k16C1(Jyn)
N
° k17E6(Jrn)]
°[-k 18 4Bj3) + jI: Coe j (O'[k16C2(noj)°k17E5(nrJ))
N
° k 19C3 (n .,J)} 
+ JE1 Dor
J(0 [k21CI(nsJ)+k22E6(nrJ)]-[k23 
n j
+ k6C 1 (nj ))} + JE1 Eo9.(n [ -k21 C2 (n,j)+k22E^ (nrJ)]°[°k6C2(n,j)
° k24C3(n9J)]} = 0
	
for n = 1, 2, a a a , N
	
(5.3d)
2N	 N
E A®
r J {n2[k t2C 2 Urn)] ° [k , I C3 Urn)`°k6C2 Urn)] ) + E ®®J(0 [ k 16C2Urn)
J =l	 J =l r
N
° k 17E5 (J9n)]°k 19C3 (j,n)) + jZl CorJ O [°kt6s3°k17E4 (j.,n))
° [ °k 19C4Ur n ))) + jEl Dor J [D [°k2tCZ	 22(J rn)+kE5(Jrn )]°[®%C2Urn)
N
° k24c3 Urn)]) + Ej=l EorJ {C2[k215 + k22E4(n,,J)]-[k65
+ k24C4 (n, j ) ] ,} = 0	 for n= 1, 2, a s a , N	 a	 (5.3e)
The constants k  to k24 appearing in Egs.(5.3) are functions of physical
properties and geometry and are listed in APPENDIX C. together with ex-
plicit expressions for the mode shape integrals C 1 (n,j) to C6(n,j), E1(n,j)
to E 1 (n,j) to E6(n,j).
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For axisymmetric modes having length-wise antisymmetric deformation
[problem (2)], use of the above procedure results in five sets of linear,
homogeneous, algebraic equations in the A
o,n to E o,n
. These equations may be
obtained from Egs.(5.3) by replacing Ao on to Eo,n by Ao n to Eo n , respec-
tively, An by en , C l (n ; j ) to C4 (n , j ) by C4(n , j ),	C2 (j , n ), - C3(j,n),
C 1 (n,j), respectively, and E 1 (n,j) to E6 (n,j) by E4 (n,j), E5 (j,n), E6(n,j),
E 1 (n,j), E 2 (j,n), E 3 (n,j), respectively.
Next, consider the torsional modes [i.e., m = 0 in problem (3)).
Bearing in mind that w(x,y,t) = u(x,y,t) = CP x (x,y,t) = 0 for this case, intro-
duce the Q  n to Ton terms in Egs.(5.1) into Eq.(2.14), use Egs.(3.9) and (5.2)
,	 ,
(after some integrations by parts), and set the coefficients of the independent
variations 6Q
o,n	 on
to bT	 equal to zero to obtain the following four sets of
linear, homogeneous, algebraic equations in the Q 	 to T
o,n	 o,n°
N	 _	 _
E QosJ10 [ k 1 B.+ 	 k2 E l (nj)) ° k3C 1(nj )j + Ej=1	 j=1 Rost(n [k1C2 (ns J)
N	 _
• k2 E2(nj )) ° k3C3 (ns J) + ,r1 SO9j W [ °k45J ° k5E l(ns J)^°[°k6C1(nsJ))}
• E To9J to [°k4C2(n,j) - SE2 (nj))- [ =k6C3 (n,j))I = 0j=1	 (5.4a)
NNj-1 Qosj {S22 Lk 1 C2 (Jsn) + k2 E2 (ls n ) ) °k3C3 (j,n)} + Z1 Rosi to [k1C4(nsJ)
J=
_	 _ _	 N	 _
+ k2 E3(nsJ))-k7a a I 
+ £ SosJr^2 _[°k4C2(Jsn)°k5E2(Jsn))j=1
N
k^C3(Js n )} + E
j=1 Ta9 J
{cat[®k4C4 (n 9J)°k5E3 (nj))-[°k8n451 11 = 0
(5.4b)
E Qo, J
Icat[ °k4sj °k5E 1(J, n )l°[°k6C 1 (J, n )1} + E Ro . {n2[
°k4C2 n,J)J=1	 J=1	 ,J
_	 _	 N	 _
° k5E2(n , j ) l °[° k6C3 (n,J)1') + jzl So,J(f!2[k9S^+k10E1(n,J)l
_	 N
[k 1 1 C 1(n ,.l) + k 12 E 1 (n,J)l} + E To,lIn fk9C2 (n ,J) + kl®E2(n,J)lj=1
[k11C3(n,J) + k 12 E2 (n,J)l} = 0	 (5.4c)
N	 2	 N
E Qo,j( D [ °k4C2(J, n )°k5E2 (), n )l°[°k6C3 (J,n)lj + E Ro In [^,k4C4(J,n)
J=1	 j=1	 ,J
_	 N	 _
	
° k5E3 (J,n)I- [ -rEI	 SJ)) + E So,l{S22[k9C2^j,n)+k10E2(J,n)l
j=1
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° [ k 11 C3(j , n ) + k 12 E2 (J,n)]I + E
J=1
To,.l(Q2[k9C4(n,j)+k10E3(n,J)1
°4n
° [k 13on Bj + k l2 E3(n ,J)l} = 0	 ,	 (5.4d)
in which n = 1,2, " ', N. The constants k 1 to k 13 are listed in APPENDIX C.
Finally, for the torsional modes corresponding to m=0 in problem
(4), the governing equations may be obtained from Egs.(5.4) by replacing
Q	 to T	 by Q	 to T
	 , respectively, a by T , and by using the re-
o,n
	
o,n
	 o,n	 o,n	 n	 r:
placements for the mode-shape integrals given for problem (2) in this sec-
tion.
It is obvious that the matrix representation of Eg s . (5 . 3), (5.4).
and their counterparts for problems (2), (4), respectively, is identical in
form to Eq.(4.4). However, for the axisymmetric modes [problems (1) and
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(2)], this matrix equation now represents an eigenvalue problem of size
6N X 6N, while for the torsional modes [problems (3) and (4)] it poses an
eigenvalue problem of size 4N X 4N.
Equation (4.4) with the stiffness and mass matrices [K] and [M],
respectively, corresponding to problems (1) to (4) in this section are suf-
ficient to determine the natural frequencies of the axisymmetric and tor-
sional modes of a clamped ; web-stiffened sandwicl shell by means of the
method described in Section 4. In analogy with what is well-known in the
propagation of SH waves, the torsional frequencies for the simply-supported
and clamped cases must be identical. This fact will serve as a check of
the numerical accuracy.
For a clamped sandwich shell with a homogeneous core having the
physical properties defi ned by Egs.(2.2) and (4.7), the governing frequency
equations are identical in form to those given earlier in this section ; but
the mode-shape integrals E 1 (n,j) to E6 (n,j) and the constants k3 , k7, k17,
k22 , k2' k5' k lo ,
 k12 are now given by
E 1 (n ,
 j ) = 8	 ,	 E2 (n , j ) = C2 (n , j )	 ;	 E3 (n, j ) = C4 (n ,
 j )
E4 (n , j ) = b^ 	 E5 (n , j ) = -C2 (n; j ) ,	 E6(n , j ) = Cl(n,j)
k3 = (Tr2 /2) (1 - v2 )N w (b/L) (pw/pf)/(2h2/R)2
k7 = ( I -vf)Nw(b/L)(Ew/Ef)(H/h2)2
k17 = (Tr/48) (1 -v2)Nw(b/L) (pw/p f ) (Lo%L)
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k22 = (1/96)(1 -v f)NW 	 (b/L) (pW/p f ) (Lo/L)
(5.5)
k2 = (T2 /2 ) (1 -vf )NW (b/L) (PW/pf)/(2h2/R)2
k5 = (7r/24) (1 -vf ) N VI (b/L) (pw/p f ) (Lo/L)
k 10 = (1/96)'k i -vf)NW(b/L)(PW/Pf)(L0/L)2
k 12 = (1 -vf)NW(b/L) (Ew/Ef) (H/h 2 ) 2 (L0/L) 2 /8Tr2 0 + vW)
All other quantities required are identical to those defined previously in
this section.
.
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6. NUMERICAL EXAMPLES AND DISCUSSION OF RESULTS
The numerical study of the free vibrations of simply-supported and
clamped sandwich shells was performed for the three cases of physical proper-
ties and geometry given in Table I. These parameters are based on values
taken from Ref. 10 and differ primarily in that the axial length doubles in
going from case (1) to case (2) and case (2) to case (3). The web spacing
and width given in the reference correspond to six, eleven, and twenty-one
webs for cases (1) to (3), respecti-ely. In each of the cases studied in the
present investigation, the width of the webs was selected so that, as the num-
ber of webs was varied, each structure had constant weight. The equations of
,.	 Sections 4 and 5 were programmed in double precision for the IBM 360 Model 50
located at the Polytechnic Institute of Brooklyn, and solved using the nu-
merical procedures discussed in Section 4. Results for the simply-supported,
web-stiffened sandwich shells are presented in Figs.3 to 14 and Tables II-1,2,3
to IV=1,2,3, and those for the simply-supported, homogeneously cored sandwich
shells in Tables II°1,2,3 to IV=1,2,3. For the clamped, web-stiffened sandwich
shells, Fig5.15 to 17 and Tables V-1,20 display the results, those for the
homogeneously cored shells appearing in the latter. In what follows, the solu-
tion for the web-stiffened core will be termed "exact" and that for the homo-
geneous cor "approximate".
Before discussinq the results obtained, a few words should be said
about the numerical checks discussed in Sections 4 and 5. For the simply-
supported sandwich shells considered, the frequencies of the symmetric cir-
cumferential modes for m > i were found to be in excellent agreement (i.e.,
11
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identical to at least six significant figures) with those of the corresponding
antisymmetric modes. Thus, only the results for the symmetric circumferential
modes are presented for m > 1. In addition, the torsional frequencies of the
simply-supported and clamped sandwich shells agreed to at least four signifi-
cant figures, so that the torsional frequencies presented, although grouped
with the results for the simply-supported shells, apply to the clamped sand-
wich shells as well.
It was convenient to divide the study of the simply-supported, web-
stiffened and homogeneously cored sandwich shells into four partsa (1) Fre-
quencies of the axisymmetric modes versus the number of webs, (2) Frequencies
of the torsional modes versus the number of webs, (3) Frequency versus circum-
ferential mode number for a given shell, and (4) Frequency versus the number
of webs for a circumferential mode number m > 1. Each of these studies was
carried out for the three cases of physical properties and geometry given in
Table I. In view of the large amount of numerical data obtained, the discus-
sion of the results given here will be quantitative.
For the axisymmetric modes of the simply-supported shells, the
first study reveals that smearing-out a web-stiffened core causes slight
changes (2 per cent or less in magnitude for N  > 7) in the natural frequen-
cies for each of the three cases ;
 as can be seen from the exact and approxi-
mate frequencies given in Tables II-1,2,3. Percentage differences as high as
5 to 11 per cent in magnitude can only be observed for six or fewer webs. In
the tables, an erratic behavior of the frequency curves of the higher modes
can be seen when the number of webs is small, a behavior similar to that no-
ticed for free-free sandwich beams i n Ref. 4 and also believed due to the
: n
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placement of webs at or near node points. Note that the exact and approxi-
mate frequencies of all the modes presented become closer and closer together
as Nw increases.
As is apparent from Figs.3 to 5, the lowest frequency of the axisym-
metric vibrations of simply-supported, web-stiffened sandwich shells is always
associated with a mode having symmetric; axial deformation. For each case, the
lowest frequency curve shows an almost constant value for the entire range of
N  considered, the difference between the maximum and minimum frequencies on
it being only about 2 per cent, 2 per cent, and 5 per cent, respectively.
Since there is a large change in the second-order shear modulus p c as the num-
ber of webs varies from three to twenty-five [See Ref. 3.), and a relatively
small change in the frequency of the lowest mode ; the effect of pc on this
mode appears to be truly second order. In view of this and the small percen°
tage differences between the exact and approximate frequencies, it appears
that the facings play the dominant role in the determination of the lowest or
fundamental frequency. The influence of p c may be seen from the approximate
frequencies (which reflect only the effect of p c as N  increases) to have a
greater effect on the higher modes. Observe that, as the axial length in-
creases from case (1) to case (3), the frequencies of the axisymmetric vibra-
tions decrease, and that the frequency curves tend to become closely spaced,
so that for the longer shells the frequencies of adjacent axial modes are
often quite close (See Tables II -1,2,3 and Figs. 3 to 5.).
The second study reveals that the exact and approximate torsional
frequencies of the simply-supported sandwich shells differ significantly only
;ehen the number of webs is small, as can be seen from Tables III- 1,2,3, and
only because the exact frequencies exhibit the typical erratic behavior for
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small Nw . After relatively few webs, however, (seldom more than seven) the
exact and approximate frequencies agree to within 5 per cent or less, the
error incurred by smearing-out the web-stiffened core decreasing almost mono-
tonically as the number of webs increases. As in the previous study, the al-
most constant frequency exhibited by the frequency curves of those modes pre-
sented (Figs. 6 to 8), after six or seven webs, implies that the faces play
the dominant role in the determination of the torsional frequencies. Observe
that the torsional frequencies decrease with increasing length, but that the
frequency curves do not show the tendency to become closely spaced as the
	 i
length increases, in contrast to the behavior of the axisymmetric modes.
One of the most interesting items revealed by the second study is
that the frequencies of the lower torsional modes of simply-supported, web-
stiffened sandwich shells may be lower than those of t.ae lower axisymmetric
modes, even for shells of moderate length. A comparison of Figs. 3 to 5
and 6 to 8, respectively, shows that in the first case (the shortest shell)
the frequencies of each of the torsional modes are considerably greater than
the corresponding ones for the axisymmetric modes. On the other hand, in
the second and third cases (the longer shells), respectively, the first and
first and second modes oP t`)e torsional vibrations have lower frequencies
than the axisymmetric mrr:e:. This behavior illustrates the importance of
considering the torsional modes, especially for longer sandwich shells.
In performing the third study, the web spacing and width corres-
ponding to the actual dimensions given in Ref. 10 were selected. As can be
seen in Figs. 9 to 11, the results for each case indicate a decrease in the
frequency of the lowest mode versus m, followed by an increase, so that for
a given shell the lowest frequency will be obtained for a circumferential
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mode numc.°r m > 1. For the first and second cases, the lowest frequency oc-
curred for m = 2 ; while for the third case it occurred at m = 1.	 This study
illustrates the	 i.iportance of considering vibrations
	
for which m ^ 0. Ob-
serve that for increasing m, the frequency curves tend to become closely
spaced, the bunching taking place most rapidly for the longer shells.
In order to gain some insight into the effect of smearing-out a
web-stiffened core when m # 0, the fourth study was performed for the three
cases considered with m = 2, 2, 1, respectively. The results obtained
(Figs. 12 to 14 and Tables IV-1,2,3) do not differ significantly from those
of the first study. Thus, it can be concluded that for small non-zero values
of the circumferential mode number, the smearing-out or averaging of the web-
stiffened core of a simply-supported sandwich shell produces little change in
the natural frequencies, the agreement between the exact and approximate
values improving as the number of webs increases. The primary difference be-
tween the results of this study and those of the first is the lack of a ten-
dency of the frequency curves to become closely spaced as the length of the
shell increases.
For the clamped sandwich shells the numerical study was divided
into two parts: (1) Frequencies of the axisymmetric modes versus the number
of webs and (2) Frequencies of the torsional modes versus the number of vlebs,
each of the studies being carried out for the three cases of physical proper-
ties and geometry in Table I.
Ir -,
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For the axisymmetric modes of the clamped sandwich s ells, the first
study sh-)ws that smearing-out a web-stiffened core causes small changes (2 per
cent or less in magnitude for N  > 7 in the natural frequencies obtained for
each of the three cases, as can be seen from the exact and approximate fre-
quencies given in Tables V-1,2,3. Percentage differences as high as 13 per
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cent in magnitude can be observed for the higher modes only for six or fewer
webs. For all the modes presented, the agreement between the exact and ap-
proximate frequencies improves as the number of webs increases, the differ-
ence eventually reaching a fraction of 1 per cent in magnitude. The results
of this study bear a marked similarity to those obtained for the axisym-
metric modes of the simply-supported shells, even to the appearance of an
erratic behavior of the frequency curves of the higher modes when the num-
''	 ber of webs is small. As in previous studies, the frequencies of corres-
ponding modes may also be seen to decrease with an increase in shell length.
As can be seen from Figs. 15 to 17, for the first case (the
shortest shell), the lowest frequencies of the clamped shell are associated
with an axisymmetric mode having symmetric axial deformation, while for the
second and third cases (the longer shells), the lowest frequencies are as-
sociated with axisymmetric modes having antisymmetric axial deformation.
Since each of these modes has an almost constant frequency as the number of
webs varies, it appears that the faces, as in the corresponding study for
the simpl,-supported Cells, play the dominant role in the determination of
the lower frequencies and of the type of axial mode having them. Specifi-
cally, it appears that for the shortest shell the influence of the clamped
conditions bw(f L/2, y,t)/ax = 0 is felt strongly, whereas for the longer
shells the conditions of axial constraint [u(f L/2, y,t) = yx (± L/2, y,t) = 01,
being global, seem to dominate over the localized clamped condition, the ef-
fect of the conditions w(f L/2, y,t) = 0 probably being about the same in each
of the three cases. It is interesting to note that the frequencies of the
lower axisymmetric modes of the clamped shells, when taken in order without
s
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regard to type, are at most only 5 to 10 per cent higher than the corres-
p.m ding ones for the simply-supported shells, the frequencies of the longer
shells showing the closest agreement.
In the second study, the torsional frequencies of the clamped sand-
with shells, as has been mentioned, were found to be almost identical numeri-
cally to those of the simply-supported shells, as they should be. Thus, the
discussion of the torsional modes, which was given previously, also applies
here. In addition, a comparison of Figs. 6 to 8 and 15 to 17, respectively,
reveals that the statements made earlier about the relative magnitudes of the
frequencies of the axisymmetric and torsional modes of the simply-supported
sandwich shells also apply for the clamped sandwich shells.
Summing up, the numerical study of the free vibrations of simply-
supported and clamped, web-stiffened sandwich shells of constant weight has
shown that smearing-out a web-stiffened core produces significant changes in
the natural frequencies only when the mass in the core layer is distributed
among a small number of webs. For the torsional modes and the lower axisym-
metric modes of both the simply-supported and clamped shells, and the lower
non-axisymmetric modes of the simply-supported shells, this appears due to
the fact that tho faces play the dominant role in the determination of the
frequencies, excep` for a few cases involving a small number of webs. For
the higher axisymmetric and non-axisymmetric modes the frequencies appear to
be affected by a combination of the influence of the faces and of the average.
second-order shear modulus µ c . In addition, for both types of supports, the
lower axisymmetric modes of short shells have smaller frequencies than the
lower torsional modes, while for longer shells the lower torsional modes have
!: ys _
	 .. mb v`•3itih _. .X ... .aY. . .,.r._=.-„w xi5,. ^ ..i^^ ^.^a.i'4^^1_y^,"'*uaN"da3"^+^ ".faVlYe'i'iz
48.
the smaller frequencies. Moreover, for the simply-supported sandwich shells
it has been demonstrated that the natural frequencies decrease and then in-
crease with increasing circumferential mode number m, indicating that for a
given shell the lowest frequency will be attained for a mode having m > 1.
In all cases, an increase of the axial length of the shell resulted ir; a de-
crease in frequency.
a
.. .
^ ^	 l
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APPENDIX A
In order to obtain Eq.(2.14), the following integrals must be
evaluated.
I^	 ^_h2Jzi-1/[1 m (z/R)]}dz	 (i = 1, 2 , 3)
2
First, consider the evaluation of I I . Thus,
1 + (h2/R)
I I
 = R4'n[ I a (h2/R))
I I = R(2h2/R)[1 + (2h2/R) 2/12 + (2h2 /R) 4/80 + ... ]
Neglecting terms of the order of (2h 2 /R) 2
 or higher compared to unity gives
1
I I ib 2 h2	 (Ai)
Similarly, the evaluation of 1 2 and I 3 leads to
I2 = (Rh 2/6)(2h2/R) 2 [1 + (3/20)(2h2 /R) 2 + ... ]
1 3 = (R2h2 /6)(2 h2 /R ) 2 11 + (3/20)(2h2/R)2 + ... ]
)(2h
2 /R)
3
	and	 I3 % 2h2/3 (A2 ) . (A3)
Al) to 03) were used .n obtaining Eq.(2.14).
51.
Neglecting terms of the order of (2h 2 /R) 2
 or higher compared to unity gives
z 
h
k9 = 3 (L
k 11 = (I-vf2.
) 3 (hH 2 (` 2
2
I(	 )(1 2f
h	 L
k ii 2 (1-v f2)(z 1 )2( L)814
k 1 ^ (zh )2(h2)z(2^)z(LL)381
52.
APPENDIX B
The constants k  to k50 appearing In Egse(4.3) are defined as
kl 3 (1-v f2 )( 2I 3 (L)2 	,	 k2 3 (1-vf2)(z1 32	 2
r-
k3 = n2(1®vf2 
h
)(2h )/( 
2h
') 22
k5 = 2 ( 2-® ) (h-) 2
2	 2
khi3 (2h )3(h^)2(2R2)2(LL)2	 z
2	 p	 2h
h	 2kk6 = 2(2h)2(j)2(`2)2 61
k8 = 3(2®) 3 (h2) 2 ( 2^ ) 2 ( L°)2
klo= (1-v f2 ) (E^) (h )2(L)z
f	 2
E
k 12= 2 (1-vf2)(Ef)(ha)2/(I., W)
k = 47rV ( h°) (H )2(L14	 f 2h2
 h2	 L
kt6:-7"'( ) z ( h ) z (2 1) z ( Lo) 81
z	 2
k 17 Y4-
 
(1-vf2)(2h2)2(L`)2
k19 
2(27) 2(2) 2 (2®) 2 ( L)2
k21 = 2(2®)2(hH)2 2h2 )283
2	 2
h	 2h	 L
'	 k18= 2 (2 2)2(h2)^(^)2( L)4
'	
k20= ^ (1-vf2)(I )2
2
'	 k22 = 8 {1-vf2)(2h )2(L)
2
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k23 ^v^r (^^) (L) I (:a) I (^) 81 	,	 kz4	 (ZJ_) (IL) 2 (:aa ') 2 ^5) 32	 2	 a	 2
k29	 (	 )2(.h^9.)2(a^)2(.^) 	 '	 k26 ` 24^rr ( I -V f2 )(L )e ) a ( aR )j(^)2	 2	 P	 a
k27 °	 (^-vf2)(.V°)(h^2°)2(^)/(1 +VW) ! k26 P X4 ( 1 -v f2 )(2. )/(:a)2
k
29 = 811'2 (2,h—)(_h_)2(`^)22	 2
h	 L3
2	 2h2
k33 = 11'(2°-)( )(2Ra)2i, Lo) 8 i2	 2
k35 = 21r(l+vf) (2) (A-)(LL)
2 a
k37	 (I-Yfa)(Pf)(S);r
k32 =	 (1-YfZ)(:t)^ S)
h	 2h	 L
k	 )(34 = 2 ( 1 'vf2^ )( hq^) I (: ) 2 (L)5I
k3^ ° ^ (I-v f2) (2h2) ` _A) z
' k38 ® 1(2)(^)I(2=)2(S)4
k	 ®Y	 ._2 %m 2 (4) 1	 ^ Ji 2 2^2 ^239	 ( I nv (2h2 ) ( yet ) t R) 	 k4a ' (,tvp D (2h2 ) (h2 ) (^) ( L )
,hk41 = ^. (1+vf ) (a^) (h)2(m y?)2(`L)3 , k42 ° (, ^.v f)(2. ) (.ai) a (
L
o)2
2	 2	 2	 2
k43 	 (1-vf2) ( 22h L )822 a k44 ° 2 ( "vf2 ) (pf) (L )
k45 °	 (1-vf)(2°- )(h2)2j2R ° Z(L )3d 2' k46 ° 16(,-Yf2D(2h2)(Lo)2
k47 	a (1-Yf)Qh	 2h
—) (h ) 2 ( ') 2 (LL )4 ' k48 °2 (2h )(^)2(ZR2 )2(L`)216rr	 2	 2	 87	 2 h2)
54
k49 = 
^2 ( 1 -v f 2 ) ( Ef) (hZ)1(^L)a/(1+vw} , k5o = 48rrr2 (1-V	 (IL)(E ) (I ) 2 ( 22 ) ` ( I ^
where
h
6 I
	 l + ( 2"h" )	 ,	 8 2 = 1 + 2 ( a"	 ,	 s3 = 1 +2 ( 2" 1 )a	 a	 2
(H/ha )	 2( a"" Z') + Nw (p )(L)	 (g2)
Next, introduce the notation
N
w
® 1	 n (^(n, J) ° E (sin k 	 ,cosl^J p i - sin kna^icos^,Jdi)
N 
D 2 (n,J)	 E (sinan 0 i cosy, - sinanniicosaJui)	 (63)
1=1
which are valid for n, J = 1, 2, " 0 , N. Use of Eqs. (83) permits the mode
shape 14egrals to be written in the form
E l (n,r^)	 N w (b/L) + D 1 (n, n)'/2T► -
E I (n fJ) _ [k,n D l (n,J) - TJ D 1 (J,n))hr( k 	- k J 2 )	 for n 0 J
E 2 (n,n) = 47r2N w (b/L)7n2 - 27r7, nDl(n,n)
Ep(n,J) ° 47rk,n 3J [T D I (n,J)
 - 7 Dl(J,n)) /(Z 2 - %J 2 ) for n 0 J	 (B4)
k
i55,
E 3 (n,n) = Nw(b/L) - D2(n,n)/2,rron
E 3 (n ,J) = (o'J D 2 (n ,J) - cJn D 2 (J, n )IAr(a	 v^)	 for n ^ J
E 4 (n ) n) = 47r2 N w (b/L)cYn + 27ronD2(n,n)
EW( n ,J) = Wtrc* noJ (crn D 2 (n,J) - Q J D 2 (J,n)]/(an - a )	 for n	 J,
where n ) ) = I ) 2, ..., N and
T  = (a n L/27r)	 On = (gin L/21r)
	
(ES)
i
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APPENDIX C
The constants k l to k24 appearing In Eqs, (5,3) are defined at
1
2	 p	 2hk3 L. (iz -vf2)(pf)/(a  )2
h	 L
'	
k2	
I^ (I°Vf2)(2^)3(, q)2
k4 = 2 (I h2 (-') z
k5 3 2h
k7	 (I °Vf2 )(D(^'D2
k9 d Ir(ZJ_)2(J-)2(2I)2(4)38
2	 112
k6 
1	
( 1 -V f2 ) (Ef) (-^,)z(L°)2
k8 a	 (1-Vf2)(2)2(LL 61
k 10 e LL(1-) Ai°) t-l)
z	 z
kll m '-	 (Z^) z (.htl2) z (z .) 2 (4) 381 , k 12 n lt^ (1-Vf2)(^)2(_Q)2
k13 = a(:J_)z(J-)2(za?)2(.a)4
2	 2
k 15 = S r2 (:tom) (A) 2 ( L0 2
2	 2
'	
2k14 	 1 (2h^) 2 dhD z ( ) z ( L 432r	 2	 2
k 16 ° ^(1 °Vf2 D (z'^D (4D 81
(C1)
z )(k 17	 (1-vfL D(-2D	 ,	 k ie °	 III
 )2(5)381
k 19 -	 (:I_)(IL)2(2a ) 2 (-1)38 1
 , k2®m ^ (2)(^)2(4)2
167r
	
2	 2	 27t	 z	 2
k21 ld (II-Vf2) (4_) (4) 2	, k22 B gb(1-vf2 ) (p D (71)
57-
k^3 2111^)(_U")2(2J)2(_I)4
z	 z k24 3277 (2h2)(^)2( :)2(4)1
where
6 1 c 1 + (111/2112)
The mode shape integrals C I (n ) j) to C4 (n,J) are given by
Ci(n,n) ^ 2rZ ?6 2 n l n^ (cosh 2 hnrr ° Cos2Xnrr)- ^ cos2%nrrs inh ,^nrrcPsh"nrr7
C 1 (n,,)	 16rn r1' ivn 2^, 2cos^ nrrcos^ ,rr(^ coshXnrrs i nhXjrr
xn coshxi
 rsi nhXnrI/(xn 4-xJ 4 )	 ,	 for n 0 ,j
V
2c	
,r 4= 4
c2(n, J) d " S'n C,^ n o, cosh ,n7rcoshZn7rsina, lrsInho,^r/^A n Ci )
C 3 (n,J) ° 32rr2 '^n^^^n ^ 3sir%WacoshZrrs i nA'rrcosho,rr/ (in4°o'4)
C 4 (n,n) a 2rr2 Cn 2 [; ( sinh2anrr + sin 2on 1 -sin 2 n^rrslnhonrrc ash;nrrl
C4(n,.i) tl i6rrCnCj 
n2 1 
sinhonrrsinh;^rri;j sln;nrrcos;,rr - ®n sinoJrrcoso^rr) /( n4°3'4),
for n0 j,
where n, ' = 1, 21 "°, 2N and
(,C2)
(c3)
4
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n y (Xn L/27r) ,	 an ° ( an L/2r)
Introduce the following definitionss
N 
D1(n,J)	 n E ( sinNO, c0sxj 0 1	 - sinXnaicasAJai)
ia1
N 
D2 (n ) j)	 = E ('sinNO,coshXJ O i - sinXnalcoshXioil)
i21
N 
D3(n,J) a E (sinha n p l cosX 0 1 - sinh ^,nalcos^,Ja1)
ial
D4 (n,J) a
N
w
E (sinhV i cosliX1 0 1 - sinhXnaicoshXJoil)
Iml
N D3 (nd) a E (sinxn 0 l
 COSY I - sinxna l Cos Ili (Y l)ial
Nay
D6(n,J) a E (slnan $ I cosxj o i 	- sinanaicoshJai)
ial
D7 (n,J) a
N
w
E (sin,n o i cosha 0 1 - sin7^na i coshaja l )1 a1
D$ (n,J) a
Nw
E (sinan0 I cosh>t	 , - sinonaicoshJ^Jai)
ial
Nw
D 9 (n,J) E ( sinhXnP i cosaJA I -sinhknalcosaJal)
i=1
N w
D1C(n,J) a	 E
'
(sinhAcosXi l' i - sinhonalcosxjkk. I)
i= 1
Nw
D 11 (n,J) =	 E (sinhXnI3 I coshajA j - sinhXnalcoshoja,)
ial
(C4)
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D 12 (n ) J) a
N
w
E (sink ^13 l coshX,A I - sinhanaIcoshXjcx
i=1
D 13 Gn,J) °
N
w
E (sinan13 t cosa.0,	 - sinana t cosa ai)
i=1 r
Nw
D 1	 (n,j) E
i=1
(sinan13 i coshaj0 i - sinanaicoshaLai)
Nw
D 1 ,(noj) = E
i=1
(sinhan0 1 cosaj (3 i - sinhana i cos c.at)
Nw
D 16 (n ' j) = E (sinhanpicosh ^13i - sinhana ` coshaj.V
1=1
C
In view of the above, the mode-shape integrals E 1 (n,j) to
E6 (n,j) may be expressed as
E 1 (n,n) = N w(b/L) + (In Arn )(LD I (n,n)coshZff - 2D 2 (n,n)cos'X rr)cosh iT
+ LD4 (n,n)cos n^rr - 2D3 (n,n)coshzTrjcos^ 'rr1
E 1 (n,j) = (%J /2Tr(^, 4 - %j l') ) ((^2 + T. 2 )(T 1)1(n,j) -XjDt(Jsn))cosh^nrrcosh^j7
( n^2 °7^j 2 )L7^n D2 (n,j) + Z?3 0,n))cosh^,nTrcos'x r
(^n 2-7j 2 )L Zn03 (n,j) + 7j ®2 (1, n ) ) cos ^Trcosh J
+ an2+X
j 2 )L 7LnN(n,j)-Aj ®J` (J, PI )) COS T^ PCos76j?rj	 for n 0 j
Y5o.
t
E2 (n ,.d) - ^n^JaJ /(kn4 -aJ4) J{(n2+°QJ2 ) L^nDS(n : i) °cJD6 (1,n)lcosN.7rsinha,^r
(h2°aJ 2 )n	 L^nD7(n,J) + j D 1A (J, n )l coshXn7rsin ^7r
(^n 2 'aJ 2 )L Zn D 9 (n ,J) + aJ Dg(J, n ) lcosTivsinh ^1r
+ (3: 2+n ^ 2 )L^n D ll (n ,J) ° a i D 12 (I,n)Icos)I.n7rsin ^7r)
E3 (n,^,) = 27r2Nw (b/L)Cn2 an2 (sinh2 n7r + sing n7r)
+ 7rcn 2 n([ D t3 (n,n)sinhan7r - 2D 14 (n,n)sin n7r]sinh n7r
+ (D 16 (n,n)sin n7r - 2D 15(n,n)si	 '.;;; :qtrfoie 	 n	
(CO
E3 (n,J) = L27rCn ^J ^a^/(n"° ^^")l (n 2+ ^ 2 ) L nD i3 (n,J)' ^D13(J,n)lsinhn7rsinhaJtr
2— 
	 2
( n `°	 )[3 D14 (n,J) + a.D t3 (Jsn)lsinh n7rsin .r
( n2°a J 2)LnD 1 g(n ,J) + j D 140 ,03sina. rsinh 7r
+ (n 2 + j 2)L n®16(n,J)° jD 16(J, n )l sin n7rsin 7r} 	 far n J
E4 (n,n) = N w (b/L) + .Cn214Tan){(-D13(n,n)sinhn7r
(continued on next page)
6i.
+ 20 i5 	n	 n(n,n)sinv7lsnh67r+ LD16(n,n )sin an7
2D140,00sinhan7lsinan7}
E	 4)1{(4 (n,J) = L^n^J /27r(an4- X	 n2+aJ2)L ^ D t3 (n ,J)- z D t 3(J, n ) l sinhcn r.sinh .7r
(32
^° ^ 2 )L ^ D i4 (n,J)° an D i5 (J, n ) l sinha7sin ^7
+ (^2 - j2)L D iS :n, j ) -7 D i ^(i,n)lsin ^7rsinhaJTr
(3 2+7 2
) n a,[ ,D i6 (n ' J)® nDi6(^^n)Isin ^7sin ^7}	 for n J
E5(n,J) - Clit C ^n/(hn J ^)l{( n 2+aj2 )[^ nD6(J,n)° ^D ,5 (n,J) l coshhn7sinh 1,-r
( n 2
 j,2)[7©10(J,n)°a D7 (n,J)lcoshXn7rsina.r
( ^,2°a:2)L
	
2)[Z D(
	
^Dg(n,J)Ia:s nrsinh .r
+ 
(X- 2+ 2 )L Zn D 12 (J, n )' ^ D il(n ,J) lccs ^7rsin X71
E6(n , n ) = 27r2Nw (b/L)7n 2 n2(cosh2Xhr=cost 
'-n7r)
+ 7rTn2^ n{ L-D I (n,n)cosh&7r + 2D2 (n ,n)eoshn7rlcosh .nr
+ [D4 (n,n)cos j -2D3 (ri,n)coshA.n7rlcos ^7
62.
E6(n ) j ) _ [27rT nli n^j/( Jvn^-Zj )1{(^ 24Xj')[ >vj®,(n9 j) -^D ,(J,n)IcoshXnvcosh,,j-it
2z . 2 ) •
+ (^n 
	
i^jot(n j)-^.n®30,0]coshAnrcosrjr
n 2m ^j 2 ) [ ^j®3(n,j)Z D (j,n) lcosknTrcoshX  j,T
m fA n 2+7^j 2 )[ T.D (n9j)°Zn ®4 (j,n)1cos_X7rCOSX.rl	 for n # j
where n, j = 1, 2, ° ° °, 2N
The constants k, to k13 appearing in Eqs. (5.4) are defined as
2h
7r2(1-vf2 
h
) (I )/( h2.2
2
<3 
4r2 (tmvf2 ) (^^2) (hz)2(L^)2
9	 k2 =	 (tmvf2)(pf)/(2^ )2
h	 Lk4 _ (t mvf2)(I ) (0) a22
k5 =	 (1_Vfe) (pf ( )
2(tmvf)(2h )(h )2(LL)22	 2
h	 Lk9 = 1^ ( i °vf2 ) (2h ) (L )22
h	 2h	 L
9	 k6	 i6^3 (tmvf2 ) (2®) (h2 ) 2 ( R2 ) 2 ( L )3a2
k^ _ ^r(imvf) (^^) (^ )2(2 2)2(L^)3a2 	(c6)
2 z
k to = 1 (1 ®vf2) (pf) ( L )2
k t , 
_	 (tmvf)(2h2).(h2)2(2R2)2( L )'^' k 12 = 2 (1-vf2)(^f)(hZ)2(66)2 /()+vw)
h2h
	 L
k 13 =(1°vr)(2^  )(h2) z. ( ^2)2(L)4	 9
where
82 = i + 2 (h,/2h2)	 (c7)
TABLE I
	
PHYSICAL PROPERTIES AND GEOMETRY
(h l /2h2 = 0.20, 2h2 A = 0.18868,
Ew/E f
 = Pw/p f = 1.00 ) vw = of = 0.3)
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